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Abstract. In 1968, Gohberg and Krupnik found a Frcdholm criterion for singular 
integral operators of the form aP + bQ, where a, b are piecewise continuous functions 
and P, Q are complementary projections associated to the Cauchy singular integral 
operator, acting on Lebesgue spaces over Lyapunov curves. We extend this result 
to the case of Nakano spaces (also known as variable Lebesgue spaces) with certain 
weights having finite sets of discontinuities on arbitrary Carleson curves. 



1. Introduction 

We say that a rectifiable curve T in the complex plane is simple if it is homeomorphic 
to a segment or to a circle. We equip T with Lebesgue length measure \dr\. The Cauchy 
singular integral of / G i 1 (r) is defined by 

(Sf)(t):=- ! ^-dr (ter). 

7TI J r T — t 

This integral is understood in the principal value sense, that is, 

rm dT:=lim f m dT , 

J T T-t R ->°Jr\r(t,R) T - t 

where T(t,R) := {r G T : \t - t\ < R} for R > 0. David [3J (see also [TJ Theo- 
rem 4.17]) proved that the Cauchy singular integral generates the bounded operator S 
on the Lebesgue space L P (T), 1 < p < oo, if and only if T is a Carleson (Ahlfors- David 
regular) curve, that is, 

\T(t,R)\ 

sup sup < oo, 

ter 7?>o R 

where for any measurable set C T the symbol |f2| denotes its measure. 

A measurable function w : T — > [0, oo] is referred to as a weight function or simply a 
weight if < w(r) < oo for almost all t G T. Suppose p : T — > [1, oo] is a measurable a.e. 
finite function. Denote by L P ^(T, w) the set of all measurable complex- valued functions 
/ on r such that 

J \f{T)w{r)/\\^\dr\ <oo 
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for some A = A(/) > 0. This set becomes a Banach space when equipped with the 
Luxemburg-Nakano norm 

\\f\U-), W ■= mf {A > : J \f(r)w(r)/\\^\dr\ <l\. 

lip is constant, then L p ^(T,w) is nothing else but the weighted Lebesgue space. There- 
fore, it is natural to refer to L p ^ (T , w) as a weighted generalized Lebesgue space with 
variable exponent or simply as a weighted variable Lebesgue space. This is a special 
case of Musielak-Orlicz spaces [33] (see also [28]). Nakano [34] considered these spaces 
(without weights) as examples of so-called modular spaces, and sometimes the spaces 
are referred to as weighted Nakano spaces. 

Theorem 1.1 (Kokilashvili, Paatashvili, S. Samko). Suppose T is a simple rectifiable 
curve and p : T — > (l,oo) is a continuous function satisfying the Dini-Lipschitz condition 

(1) \p(r) -p(t)\ < -C r /log|r - t\ whenever \r-t\< 1/2, 

where Cr is a positive constant depending only on T. Let t±,...,t n G T be pairwise 
distinct points and Ai, . . . , A„ G M. The Cauchy singular integral operator S is bounded 
on the Nakano space L p ^(T,w) with weight given by 

n 

(2) w(r) = n|r-t^ (rer) 

i=i 

if and only if T is a Carleson curve and < l/p(tj) + Xj < 1 for all j G {1, . . . ,n}. 

For the case of constant p and sufficiently smooth curves, the sufficiency portion of 
the above result was obtained more than fifty years ago by Khvedelidze [T7] (see also [5] 
Chap. 1, Theorem 4.1]). The necessity portion for constant p goes back to Gohberg and 
Krupnik [7] . For the complete solution of the boundedness problem for the operator S 
on weighted standard Lebesgue spaces L P (T, w) we refer to the survey paper by Dynkin 
4 , to the monographs by Bottcher and Yu. Karlovich p], by Khuskivadze, Kokilashvili, 
and Paatashvili [TB], and by Genebashvili, Gogatishvili, Kokilashvili, and Krbec [S]. 

Theorem 11.11 was proved in [2TJ Theorem A]. Later on, Kokilashvili, N. Samko, and 
S. Samko [24] Theorem 4.3] generalized the sufficiency portion of Theorem II .11 to the case 
of radial oscillating weights 

n 

(3) w{ T ) = \[u J] {\T-t 3 \) (reT), 

i=i 

where ujj : (0, |T|] — > (0, co) are some continuous functions oscillating at zero. Those suf- 
ficient boundedness conditions are expressed in terms of the Matuszewska-Orlicz indices 
[31] [32] ( see also [29] [30]) of the functions Vj. The author observed that those conditions 
are also necessary for the boundedness of the operator 5 on the weighted Nakano space 
LP^(T,w) in the case of Jordan curves T (see [T2] Corollary 4.3] and also [T3] ). Recall 
that a rectifiable curve in the complex plane is said to be Jordan if it is homeomorphic 
to a circle. 

Now fix t G r and assume that w is a weight such that the operator S is bounded 
on L p ('\r,w). In the spectral theory of one-dimensional singular integral operators it is 
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important to know whether the operator S is also bounded on the space L p ('\T, tpt^w), 
where 

<a 7 (r) :=|(r-*n 

and 7 is an arbitrary complex number. For standard Lebesgue spaces and arbitrary 
Muckcnhoupt wights such 7 are completely characterized by Bottcher and Yu. Karlovich 
[TJ Chap. 3]. Notice that if 7 is the imaginary unit, then <p t i coincides with 



Vt(r) 



- arg(r-t) 



(here and in what follows we choose a continuous brunch of the argument on r\{t}), and 
this function lies beyond the class of radial oscillating weights considered by Kokilashvili, 
N. Samko, and S. Samko (23] [24] . The author [HI Theorem 2.1] found necessary and 
sufficient conditions for the boundedness of the operator S on the space L P ^(T, t/? tj7 ). 

Our first aim in this paper is to generalize known boundedness results for the operator 
S on the space L p ( '(T,u>) to the case of weights of the form w(t) = YYj=i % i } j{ T ) where 
each ipj is a continuous positive function on and t\, . . . , t n £ T are pairwise distinct 

points. In particular, we allow functions ipj of the form ipj (r) = (j]t (r)) x uij (|r— tj |) where 
x e M and ujj is an oscillating function as in jT2j [T3l E3j [24] • 

To formulate our first main result explicitly, we need some definitions. Following [TJ 
Section 1.4], a function g : (0, 00) — > (0, 00] is said to be regular if it is bounded from above 
in some open neighborhood of the point 1. A function g : (0, 00) — > (0, 00] is said to be 
submultiplicative if g(xy) < g(x)g(y) for all x,y 6 (0,oo). Clearly, if g : (0, 00) — ¥ (0, 00] 
is regular and submultiplicative, then g{x) is finite for all x S (0, 00). Given a regular 
submultiplicative function g : (0, 00) — > (0, 00), one defines 

(4) a[Q) := sup — , /3{g) := mf — . 

xg(o,i) loga; xe(i,oo) logs 

One can show (see Theorem 1 2. ip that —00 < a(g) < /3(g) < +00. Thus it is natural to 
call a(g) and (3(g) the lower and upper indices of g, respectively. 

Fix t €T and dt '■= max \t— t\. Following 1, Section 1.5], for every continuous function 

ip : T \ {t} ->• (0, 00), we define 

{W t iP){x) := 
and 



sup max iP(t)I min ip(r) for x€ (0,11, 



sup max iP(t)/ min ipir) } for a; £ fl,oo) 

o<_R<d t \rer:\T-t\=B^ K rer:|r-t|=x-iii rv ' ' 



(WPip)(x) = limsup max ^P( T )I mirt ^(t) 

r^O \TeV:\r-t\=xR TeT:\T-t\=R. 



= limsup max V'C' 7 ")/ mm V , ( r ) 
r^o \Ter-.\T-t\=R reT-.\T-t\=x- 1 R 

for x G M. The function W t ip is always submultiplicative. Moreover, if W t ip is regular, 
then W®ip is also regular and submultiplicative and 

a(W t ip) = a(W t V), P(W t ip) = 0(Wjty) 
(see [T] Lemmas 1.15 and 1.16]). Our first main result is the following. 
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Theorem 1.2. Suppose T is a simple rectifiable curve andp : T — > (1, oo) is a continuous 
function satisfying the Dini-Lipschitz condition (JXJ) - Let t\, . . . , t n G T be pairwise distinct 
points and ipj : T \ {tj} — > (0, oo) be continuous functions such that the functions Wtjipj 
are regular for all j e {1, . . . , n} . 

(a) If T is a simple Carleson curve and 

(5) 0<l/p(t 3 )+a(W t %), l/p(t ) + (i(W^ )<l for all je{l,...,n}, 

then the operator S is bounded on the Nakano space L p ^(T,w) with weight w 
given by 

n 

(6) «>(t):=JJ^(t) ( rer )- 

3=1 

(b) // the operator S is bounded on the Nakano space L p ('\T, w) with weight w given 
by ([6[) . then T is a Carleson curve and 

0<l/p(tj)+a(Wg^), lM«i) + W>i)<l for all je{l,...,n}. 

(c) If T is a rectifiable Jordan curve and the operator S is bounded on the Nakano 
space L p ^(T,w) with weight w given by ©, then T is a Carleson curve and 
conditions ([5]) are fulfilled. 

A bounded linear operator on a Banach space X is said to be Fredholm if its image 
Imyl is closed in X and the numbers dimKer A and dim(X/lmA) are finite. 

We equip a rectifiable Jordan curve T with the counter-clockwise orientation. Without 
loss of generality we will assume that the origin lies inside the domain bounded by T. By 
PC(r) we denote the set of all a € L°°(T) for which the one-sided limits 

a(t ± 0) := lim air) 

exist and are finite at each point t £ T; here r — > t — means that r approaches t following 
the orientation of T, while r — > t + means that r goes to t in the opposite direction. 
Functions in PC(T) are called piecewise continuous functions. 

In 1968, Gohberg and Krupnik [6, Theorem 4] (see also [H Chap. 9, Theorem 3.1]) 
found criteria for one-sided invertibility of one-dimensional singular integral operators of 
the form 

A = aP + bQ, where a,bePC(T), P:=(I + S)/2, Q := (I - S)/2 

acting on standard Lebesgue spaces L P (T) over Lyapunov curves. Their Fredholm theory 
for one-dimensional singular integral operators on standard Lebesgue spaces L p (T,w) 
with Khvedelidze weights ((2]) over Lyapunov curves is presented in the monograph [8] 
first published in Russian in 1973. Generalizations of this theory to the case of arbitrary 
Muckenhoupt weights and arbitrary Carleson curves are contained in the monograph by 
Bottcher and Yu. Karlovich pQ. 

Fredholmness of one-dimensional singular integral operators on Nakano spaces (vari- 
able Lebesgue spaces) over sufficiently smooth curves was studied for the first time by 
Kokilashvili and S. Samko [25]. The closely related Riemann-Hilbert boundary value 
problem in weighted classes of Cauchy type integrals with density in L P ^(T) was consid- 
ered by Kokilashvili, Paatashvili, and S. Samko [HI [HI EOl [22] . The author [12] found 
a Fredholm criterion for an arbitrary operator in the Banach algebra of one-dimensional 
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singular integral operators with piecewise continuous coefficients acting on Nakano spaces 
L p ^''(T,w) with radial oscillating weights ([3]) over so-called logarithmic Carleson curves. 
Roughly speaking, logarithmic Carleson curves are Carleson curves T for which the weight 
r]t(r) is equivalent to a power weight |r — t\ Xt with some At G K for each i 6 T. Fur- 
ther, this technical assumption on Carleson curves was removed in |15j but only in the 
non-weighted case. 

The aim of this paper is to prove an analogue of the Gohberg-Krupnik Fredholm 
criterion for the operator aP + bQ acting on L P ^(T, w) in the case of arbitrary Carleson 
curves and a wide class of weights, in particular, including radial oscillating weights 
([3]). Having this result at hands, one can construct a Fredholm theory for the Banach 
algebra of singular integral operators with piecewise continuous coefficients by using the 
machinery developed in [1] exactly in the same way as it was done in 1 1 21 115] . We will 
not present these results in this paper. 

Now we prepare the formulation of our main result. Let L^(T,w) be as in Theo- 
rem 11.21 One can show (see Section I6.1|) that the functions a\ , ft : R — » M given by 

(7) a* tj (x) := a(W°. (rff^)), ft. (x) := P(W° fa?^)) 
for j G {1, . . . , n} and by 

(8) a* t (x):=a{W?(riZ)), ft(x) := p(W?(rg)) 
for t ^ r \ {ti, . . . , t n } are well-defined and the set 

Y(p(t), a* t , ft) := { 7 - x + ly G C : l/p(t) + a* t (x) < y < l/p(t) + ft(x)} 
is connected and contains points with arbitrary real parts. Given z±, Z2 G C, let 
C( Zl ,z 2 ;p(t),a* t ,ft) := {M Zl , Z2 (e 2 ^) : 7 G Y(p(t), a* t , ft)} U {z u z 2 }, 

where 

(9) M zl)Z2 (C):=feC-^)/(C-l) 

is the Mobius transform. The set C{z\, z 2 ;p(t), at , ft) is referred to as the leaf about 
(or between) z\ and z 2 determined by p{t), a* t , ft. This is a connected set containing z\ 
and Z2 for every t G T. 

For a G PC(r), denote by 7?.(a) the essential range of a, i.e. let 7?.(a) be the set 

\J{a(t-0),a(t + 0)}. 
ter 

Let J a stand the set of all points at which a has a jump. Clearly, we may write 

K(a)= [j {a(t)}U |J {a(t-Q),a(t + Q)}. 
ter\j„ te.J a 

We will say that a function a G PC(r) is L p ^ (T, w)-nonsingular if 

0^7e(a)U |J C(a(t-0),a(t + 0);p(t),a* t ,ft). 
teJa 

Our second main result reads as follows. 
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Theorem 1.3. Suppose T is a Carleson Jordan curve, a, b € PC(T), and p : T — > (l,oc) 
is a continuous function satisfying the Dini-Lipschitz condition ([1]). Let t\, . . . ,t n 6 T be 
pairwise distinct points and tjjj : T \ {tj} — > (0, oo) be continuous functions such that the 
functions Wtjipj are regular and conditions ([5]) are fulfilled for all j £ {1, . . . , n}. The 
operator aP + bQ is Fredholm on the Nakano space L p ^(T,w) with weight w given by 
(J6j) if and only if inf \b(t)\ > and the function a/b is L p ^'\T,w)-nonsingular. 

For b = 1, the above result generalizes Theorem 4.5], where the weights of the form 
© were considered over so-called logarithmic Carleson curves, and [TH Theorem 2.2], 
where underlying curves were arbitrary Carleson curves but no weights were involved. 

Although the main results of this paper are new, the methods of their proofs are not 
new and known to experts in the field. We decided to provide selfcontained proofs with 
complete formulations of auxiliary results taken from other publications. So, this paper 
can be considered as a short survey on the topic. 

The paper is organized as follows. In Section [2j we collect some auxiliary results on 
indices of submultiplicative functions associated with curves and weights. In Section [3j 
following the approach of Kokilashvili, N. Samko, and S. Samko [23], we prove that 
conditions ([5]) are sufficient for the boundedness of the maximal operator on Nakano 
spaces L p (''(r, w) with weights of the form (j6)). With the aid of this result, we prove 
Theorem 11.21 in Section 21 Section [5] contains basic results on singular integral operators 
with L°° coefficients on weighted Nakano spaces. Their proofs are analogous to the case 
of standard weighted Lebesgue spaces (see e.g. [5] Chap. 7-8]). In Section [5] we prove 
Theorem 11.31 following the approach of Bottcher and Yu. Karlovich jl, Chap. 7] (see also 
(THUS]). Note that Theorem 11.21 plavs a crucial role in the proof of Theorem 11.31 



2. Indices of submultiplicative functions 

2.1. Indices as limits. The indices of a regular submultiplicative function defined by 
(jl]) cen be calculated as limits as x — >• and x —> oo, respectively. The proof of the 
following result can be found e.g. in (TJ Theorem 1.13]. 

Theorem 2.1 (well-known). If a function g : (0, oo) — > (0, oo) is regular and submulti- 
plicative, then 

a(g) = hm— , f)(g) = hm — 

x->0 logX x-^roo logX 

and — oo < a(g) < /3(g) < oo. 

2.2. Spirality indices. The following result was proved in jl] Theorem 1.18] and [U 
Proposition 3.1]. 

Theorem 2.2 (Bottcher, Yu. Karlovich). Let T be a simple Carleson curve and t 6 T. 
For every igl, the functions Wt(rjf) and W[ ®(j)f ) are regular and submultiplicative and 

a(W t ( V f))=a(W t °(^)) - mm{Srx,S+x}, 
(3(W t (r,?))=P(W t (r,?)) = max^x, 5+x}, 



whe 



a(W?r, t ), 6+ := P(W?th). 
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The numbers 6^ and 8f are called the lower and upper spirality indices of Y at t. If 
r is locally smooth at t, then 5^ = = 0. One says that T is a logarithmic Carleson 
curve if 

arg(r-t) = -£ t log|<r-i| +0(1) as t -> t 

for every f G T. It is not difficult to see, that for such Curves 5^ — 8f — 5 t for every t G T. 
However, arbitrary Carleson curves have much more complicated behavior. Indeed, for 
given numbers a, (3 G R such that a < /3, one can construct a Carleson curve such that 
a = 5 t ~ and (3 = <5+ at some point i G T (see [TJ Proposition 1.21]). 

2.3. Indices of powerlikeness. Fix t G V. Let w : T — ► [0, oo] be a weight on T such 
that logw e L^r^i?)) for every i? G (0,d t ]. Put 

exp ( — I \ogw(T)\dr\ ) 



\T(t,Ri)\ 



r(t,fli) 



H w j(Ri, R2) ■= 7 r-j R\,R2 G (0, dt]. 

ex npkL, logw(r)|dr| 



Following 1 ( Section 3.2], we define 



and 



sup H W: t(xR,R) for see (0,1], 
in JW ^ sup H w , t (R,x- l R) for as e [1,00 

0<i?<d t 



(V r t °w)(x) := limsupi?^, t (a;i?, R) = \imsup H W ^(R, x 1 R) 



for i£l. 

A function / : T — > [— 00, 00] is said to have bounded mean oscillation at a point t G T 
if / G i 1 (r) and 

fi>o |t (r, Jr(t,fl) 

where 

I 1 (*,-«) I Jr(t,i?) 

The class of all functions of bounded mean oscillation at t G T is denoted by BMO(T, t). 

The following result give sufficient conditions for the regularity of Vtiv and V^w. It 
was proved in [TJ Theorem 3.3(a)] and [TJ Lemma 3.5(a)]. 

Theorem 2.3 (Bottcher, Yu. Karlovich). Suppose T is a simple Carleson curve and 
t S T. Ifw : r —¥ [0, 00] is a weight such that log w G BMO{T, t), then the functions VtW 
and V^w are regular and submultiplicative and 

a(V t w) = a(V t °w), /3(V t w) = /3(V t °w). 

The numbers a(V t °w) and /3(V t °w) are called the lower and upper indices of power- 
likeness of w at t G r, respectively. This terminology can be explained by the simple fact 
that for the power weight w(t) = r — t\ x its indices of powerlikeness coincide and are 
equal to A. 
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Lemma 2.4. Let Y be a simple Carleson curve and ti, . . . ,t n E T be pairwise distinct 
points. Suppose ipj : T \ {tj} — > (0, oo) are continuous functions for j E {1, . . . .n} and w 
is the weight given by ©• If V^.w is regular for some j E {1, . . . , n}, then V^.tpj is also 
regular and 

a(V t °.w) = a{V t %), p(V t °.w) = P{V t %). 

Proof. Without loss of generality, assume that V^w is regular. Suppose Ti C T is an 
arc that contains the point t± but does not contain the points t 2l ■ ■ ■ ,t n . Assume that 
Ti is homeomorphic to a segment. Then the functions ip2i ■ ■ ■ ,ipn are continuous on the 
compact set Ti . Therefore there exist constants C\ and C 2 such that 

< d < ip 2 {r) ■ ■ ■ ip n (r) < C 2 < +00 for all t E IV 

Then CiV>i(t) < w(r) < C 2 iPi(t) for all r E Ti and 

C\ Co 
-p^-Hip 1 .t 1 {Ri,R2) < Hw,t 1 (Ri, R2) < —H^ ljtl (Ri,R2) 

for all R\,R 2 E (0, max It — tx\ )■ Thus, 

^-K^ x ){x) < (V^wKx) < for all x E M. 

These inequalities imply that if V^w is regular, then V^i/ji is also regular and their indices 
coincide: a{V^i) X ) = a{V£w) and /3(F t °^>i) = P{V^w) □ 

2.4. Relations between indices of submultiplicative functions. The following state- 
ment is proved by analogy with [1] Proposition 3.1]. 

Lemma 2.5. Let T be a simple rectifiable curve and t E T. Suppose ip : T \ {t} — > (0, 00) 
is a continuous function and Wtip is regular. Then, for every s£l, the functions Wt(ip s ) 
and Wt(ip s ) are regular and 

The next statement is certainly known to experts, however we were unable to find the 
precise reference. 

Lemma 2.6. Let T be a simple rectifiable curve, t E V, and ipi,ip 2 ■ T \ {t} — > (0, 00) 
be continuous functions such that the functions Wtipi and Wtip 2 are regular. Then the 
functions Wt(ipiip 2 ) and Wt(ipiip 2 ) are regular and submultiplicative and 

a(W t ih) + a(W t tp2) < a(W t (^ 2 )) < min {a(W^i) + P(W t ih), P(W t 1>i) + a(W t ^ 2 )}, 
P(W t ^)+P(W t ip 2 )>P(W t (^2)) >max{a(^^ 1 ) + /3(W t V 2 ),WVi)+«(^^ 2 )}. 
The same inequalities hold with Wt replaced by W® in each occurrence. 

Proof. Let R E (0, d t ] and x E (0, 1]. Then 



max (V'lMV^M) max "0i(t) max ib 2 (t) 

reV:\T-t\=xR TET:\T-t\=xR T eT:\r -t\=xR 



min {^i{T)ib 2 (T)) min ipifr) min iJj 2 (t) 

TET:\T-t\=R V T&r-.\r-t\=R TdT:\ T -t\=R 
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Taking the supremum over all R € (0, d*], we obtain 

(10) (W t (M 2 ))(x) < (W t iPi)(x)(W t ip 2 )(x) 

for all x £ (0, 1]. Analogously it can be shown that this inequality holds for x <E (1, oo). 
In particular, this implies that the function Wt{fpi^p 2 ) is regular. Further, taking the 
logarithms of both sides of (fTOjl . dividing by log a;, and then passing to the limits as 
x — > and x —> oo, we obtain 

(11) a(Wti>i) + a(W t i) 2 ) <a(W t ftM> 2 )), ^(W t (V»i^)) < + P(W t ih), 

respectively. Notice that the passage to the limits is justified by Theorem 1 2. II 
Similarly, 

max W'lMV^M) min iPi(t) max tb 2 (t) 

T eT:\ T -t\=xR > TeV '-\ T - t \= xR TET:\ T -t\=xR 



min (V , i( t )'02(t)) max "01 ( r ) min ^2 (t) 

reT:\T-t\=R reT:\T-t\=R rer : |-r-t| = R 



> inf 



min V'i( r )\ max ip2{ T ) 

rer-.\T-t\=xR \ Ter-.\T~t\=xR 



Re(o,d t ] max il>i( T ) j min ibzW) 

rer:\r-t\=R / reT:\T-t\=R 



sup 



max ipi (t) \ max ip 2 (j) 

rer:|T-i|=i? I rer:|r-t|=a:_R 



fle(o,d t l pin i>i(T) ) min 02 (r) 

max ip 2 (r) 

1 Ter : |r-t|=a:_R 



{Wttpi)^- 1 ) min 2 (r) ' 

rer : |T-t|=fl 

Taking the supremum over all R S (0, d*], we obtain 



(12) (^(^ 2 ))(x)> ,, 

for x 6 (0, 1]. Then 

log (W t (^ 2 ))(x) < log(W^ 2 )(x) | log(Fy t ^ 1 )( a ;' 1 ) 
logx logx log(x _1 ) 

Passing to the limit as x — > 0, we obtain 

(13) a(W t (0iV>2)) < a(W t ih) + P(W t ih)- 

In the same way it can be shown that (fT2|) is also fulfilled for a; € (1, oo). This implies 
that 

(14) PiW t {^ 2 )) > P{Wt^ 2 ) + a(W t il>i). 
Replacing ipi by ip 2 and vice versa, we also get 

(15) a{W t (^ 2 )) < a(W t ^i) + 0(W t ih), P(W t {^ 2 )) > P(W t ^i) + a{W t ^ 2 ). 

Combining inequalities (jTTJ) and (fl3 |) - (p~5 ]) we arrive at the statement of the lemma for 
Wt- The statement for W t ° follows from the statement for Wt and [U Lemma 1.16]. □ 

From [1, Theorem 3.3(c)] and [U Lemma 3.16] we get the following. 
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Lemma 2.7. Let Y be a simple Carleson curve and t 6 T. If tj) :T\ {t} —> (0, oo) is 
a continuous function such that Wtip is regular, then the functions W®ip an d ^*tV are 
regular and submultiplicative and 

a(W?V) = a(V£ty), Wty) = 0(*?VO- 
The next statement is taken from [TJ Lemma 3.17]. 

Lemma 2.8. Let T be a simple Carleson curve andt £ T. Suppose ip : T\{t} — > (0,oo) is 
a continuous function such that the function Wt^p is regular and w : T — > [0, oo] is a weight 
such that log it) G BMO(T, t). Then the function V^(ipw) is regular and submultiplicative 
and 

a(V t °w) + a{W t ^) < a(V t °(tpw)) < min {a(V t °w) + P{W t i/>), P(V t °w) + a(W t ip)} , 
0(V t °w) + a{W t ^) > P(V t °{ipw)) > max{a(y» + f3(W t tp), f3{V t °w) +a(W t ip)}. 

2.5. Estimates of weights with one singularity by power weights. Fix to G T. 

Let u>(to, 5) denote the open arc on T which contains t and whose endpoints lie on the 
circle 

{tgC: [t — t 1 = *}• 

It is clear that u(to,S) C T(t ,S), however, it may happen that w(to,6) ^ T(t ,S). The 
following lemma was obtained in |141 Lemma 3.2]. 

Lemma 2.9. Let T be a simple Carleson curve and to G T. Suppose ip : r\{io} — > (0, oo) 
is a continuous function and Wt ip is regular. Let e > and 5 be such that < 5 < dt . 
Then there exist positive constants Cj — Cj(e,S,w), where j = 1,2, such that 



a(W t0 4>)-e 



(16) M <C ,izio 
/or t G r \ w(to, 8) and all r G oj(to, S); and 

(17) < C 2 tJ± 

V(t) t -to 

for all t G u)(to, 5) and all r G T \ u)(to, S). 

3. The boundedness of the maximal operator on weighted Nakano spaces 

3.1. Muckenhoupt weights on Carleson curves. For a function / G L x (r) the max- 
imal function M f of / on V is defined by 

(M/)(t) := sup — l — ( \f(r)\\dr\ (t G T). 



r>o |r(t, R)\ Jr(tM) 
The map M : f <-> M f is referred to as the maximal operator. 

The boundedness of the operators M and S on standard weighted Lebesgue spaces is 
well understood (see e.g. [T] |4) [5j |16l [38] ) . 

Theorem 3.1 (well-known). Suppose V is a simple Carleson curve. If T is one of the 

operators M or S and 1 < p < oo, then T is bounded on L p (T,w) if and only if w is a 
Muckenhoupt weight, w G A p (T), that is, 

(If \ ( 1 \ 1 /? 

— / w p (t) \dr\ ] ( — / w~ 9 (r) \dr\ J < oo 
° JT(t,R) 
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where 1/p + 1/q = 1. 

We now consider weights ip which are continuous and nonzero on T minus a point t. 
If the function Wtip is regular, then its indices are well defined. The following theorem is 
due to Bottcher and Yu. Karlovich jl. Theorem 2.33]. It provides us with a very useful 
tool for checking the Muckenhoupt condition once the indices of Wtip are available. 

Theorem 3.2 (Bottcher, Yu. Karlovich). Let 1 < p < oo and V be a simple Carleson 
curve and t G T . Suppose ip : Y \ {t} — s- (0, oo) is a continuous function and Wtip is 
regular. Then ip G A p (T) if and only if 

0<l/p + a(Wjty), Vp + jSWsV) < L 

3.2. The boundedness of M on Nakano spaces with Khvedelidze weights. The 

proof of Theorem 11.11 in [21] is based on the following result proved in [26l Theorem A] . 
It will also play an essential role in our proof of Theorem 1 1.2 1 

Theorem 3.3 (Kokilashvili, S. Samko). Suppose T is a simple Carleson curve and p : 
r — > (l,oc) is a continuous function satisfying the Dini-Lipschitz condition ([TJ. Let 
t\ 1 . . . , t n G r be pairwise distinct points and Ai, . . . , A„ G M. The maximal operator M 
is bounded on the Nakano space L pl -'\T ,w) with the Khvedelidze weight w given by ^ if 
and only if < l/p(tj) + Xj < 1 for all j G {1, . . . , n}. 

3.3. Sufficient condition for the boundedness of M involving Muckenhoupt 
weights. Although a complete characterization of weights for which M is bounded on 
weighted variable Lebesgue spaces is still unknown in the setting of arbitrary Carleson 
curves (see [9] for the setting of R"), one of the most significant recent results to achieve 
this aim is the following sufficient condition (see 23:, Theorem A']). 

Theorem 3.4 (Kokilashvili, N. Samko, S. Samko). Let T be a simple Carleson curve, 
p : r — > (1, oo) be a continuous function satisfying the Dini-Lipschitz condition ([!}, and 
w : r —> [0, oo] be a weight such that w p ^ p * belongs to the Muckenhoupt class A Pt (T), 
where 

(18) := p*{T) := minp(r). 

Then M is bounded on L p ^(T,w). 

This theorem does not contain the sufficiency portion of Theorem 13.31 whenever p is 
variable because for the weight q(t) = |r — t\ x the condition @P/ p * g A Pt (T) is equivalent 
to — l/p(t) < X < (p* — l)/p(t), while the "correct" interval for A is wider: 

-l/p(t) < A < (p(t) - l)/p(t). 

This means that the conditions of Theorem 13 .41 cannot be necessary unless p is constant. 

3.4. Sufficient conditions for the boundedness of M on weighted Nakano spaces. 

Recall that two weights w\ and W2 on T are said to be equivalent if there is a bounded 
and bounded away from zero function / on T such that w± = fu)2- 
Now we will apply Theorem 13.41 to the weight w given by ([6]). 

Lemma 3.5. Let T be a simple Carleson curve, p : T — > (1, oo) be a continuous function 
satisfying the Dini-Lipschitz condition ([TJ, and t G V . Suppose ip : T \ {t} — > (0, oo) is a 
continuous functions such that the function Wtip is regular. If 

(19) < 1/ P (t) + a(W<V), l/p(t) + p(W?iP) < p,/p(t), 
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where p» is defined by (|18j) . then the operator M is bounded on L p ^(T,^p). 

Proof. The proof is analogous to the proof of [T4j Lemma 2.2]. Taking into account 
Lemma 12.51 we see that the function W t {ip p[t)/p * ) is regular and inequalities (fT9|) are 
equivalent to 

< 1 + ^l a (W<V) = -+a(^°(V^ ( * )/p *)), 



1 > 

p* p* p* 

By Theorem 13. 2[ the latter inequalities are equivalent to tp p ^ t )/ p * g Aj,„(r). 

Let us show that the weights ip p / p * and ip pl $i p * are equivalent. Fix e > 0. Since 
t/> : r \ {t} — >• (0, oo ) is continuous, from Lemma [2~9l it follows that there exist C\, C% > 
such that 

for all r e F \ {£}. Then 

(20) ]ogCi + (0{W?1>)+e)log\T-t\ < logV(r), 

(21) logC 2 + (a(W?i))-e)log\T-t\ > log^(r) 

for all t G r \ {t}. By the Dini-Lipschitz condition ([1]), 

( 22 ) - ,3 71 <p(r)-p(t)< ° 



log |r - i| - log |r - i| 

for all r e T \ {£} such that |r -t| < 1/2. Multiplying inequalities ([2"0" ]) -(|2"5 ]) . we see that 
the function 

F t (r) :=^^log^(r) 
P* 

is bounded on F(t, 1/2) \ {t}. Obviously, it is also bounded on T \ T(t, 1/2). Therefore 



^( r )p(*)/f. 



exp(F t (r)) 



is bounded and bounded away from zero on T \ {t}. Thus the weig hts V p/p * and -0 p(t)/p * 
are equivalent. In particular, this implies that if) p / p ' £ A Pt (T) if and only if ipPw/P* g 
A Pt (T). Thus, inequalities (H]) imply that V p/p * S A p ,(r). Applying TheoremES! we 
finally conclude that the maximal operator M is bounded on L p ^ (T,ip). □ 

Theorem 3.6. Suppose T is a simple Carleson curve and p : T —> (l,oo) is a continuous 
function satisfying the Dini-Lipschitz condition (TTJ). Let t\, . . . , t n G T be pairwise distinct 
points and : T \ {tj} —> (0, oo) be continuous functions such that the functions Wt^j 
are regular for all j G {1, . . . , n) . If for all j G {1, . . . , n}, 

(23) < l/pfo) + a(W t %), 1/pfa) + f3{W^i) < 1, 

then the maximal operator M is bounded on the Nakano space L p ^(T : w) with weight w 
given by (j6)). 
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Proof. The idea of the proof is borrowed from [23l Theorem B] (see also [HI Theo- 
rem 1.4]). 

We start the proof with a kind of separation of singularities of the weight. Let arcs 
Ti, . . . , r„ C r form a partition of T, that is, each two arcs I\ and Tk may have only 
endpoints in common and T\ U • • • U T n = T. We will assume that each arc Tj is 
homcomorphic to a segment. Suppose that this partition has the following property: 
each point tj belongs to Tj and all other points in {ti, . . . , t n } \ {tj} do not belong to Tj. 

Obviously, the function 

w/tpj := Ipi . . .Ipj-itfjjlpj+i ...tp n , 
where a denotes that the term a is absent, is continuous on the closed set Tj. Therefore, 

(r) =: Cj < +00. 



inf 



(r) =: C j > 0, sup 

rer 3 \ipj 



Hence, for every / G LP^(T, w), we have 



I/IIlp 



(■)(r,™) 



< 



< 



^ ll/Xr J ILp(-)(r^) 



E 

i=i 



Lp()(T) 



and 



ll/lrjipcocrj.^ir,) 



< 



i=i 



1 „ 1 



Lp(-)(rj) 



IK/ w )|r : ,llLP()(r J ) = — ll/wXr 3 ||Lp(-)(r) 

< — ll/ w llip(-)(r) = —\\I\\lp<~-)(t,w) 

for every j S {1, . . . , n}. From these estimates it follows that it is sufficient to prove that 
M is bounded on L p ^(Tj, ipjlr^) for each j G {1, . . . , n}. 

Fix j 6 {1, . . . , n}. For simplicity of notation, assume that Tj = T. This does not 
cause any problem because 

for all iel Therefore, Wt 3 - {ip } ]r 3 ■) and W t ° (ipj \x i j ) are regular and 

a := a(W° (^| rj )) = a(WgVi), P ■= (^|r 3 0) = /9(W£V,0- 

It is easily seen that M is bounded on L p ('\T, ipj) if and only if the operator 



(Mjf)(t) := sup 



i)j{t) 



l/(r)| 



dr| (t e r) 



-R>0 |T(t,i?) Jr(t,fl) 'Vy 
is bounded on L p ('\T). From (|23|) it follows that there is a small s > such that 
(24) < l/p(ij) + a - £ < +0 + e < 1. 
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Since p : V — > (l,oo) is continuous and l/p(tj) + /3 < 1, we can choose a number 
<5 G (0,^4^) such that the arc u)(tj,S), which contains tj and has the endpoints on the 
circle {r G C : \t — tj\ = S}, is so small that 1 + 0p(tj) < p*, where 

p+ := p*(ui(tj , 5)) = min p(r). 

T{zU)(tj ,(5) 

Hence 

(25) < l/pfo) + a < l/pfo) + /3 < p*/p(tj). 
For / G L p ( )( r )> w e have 

(26) Mf/ < Xw(t,-,5) M iXw(t^5)/ + Xr\ w (tj,5)AffXw(%,5)/ 

+Xui(t i ,6)MjXr\u(t j ,8)f + Xr\w(^,5)-MjXr\ w (t ;( ,5)/' 

From ([23)) and Lemma [3.51 it follows that Mj is bounded on L p ^(uj(tj,S)). Conse- 
quently, the operator Xufa^MjXuit^S)! is bounded on L p( -'\T). 

For A G K, by Mf denote the weighted maximal operator defined by 

(Mjf)(t) := sup Ji^ji / r^xMr|. 
J _r >0 |r(t,i?)| J r(4jfl) |r-tj| A 

From Lemma 12.91 it follows that 

(27) Xr\ u (t i ,<l)M j x u to,S)f < C lXc \ u(tjlS) Mf +e X <o(t j ,S)f < CxM/+7 
and 

(28) Xa,(t„«)M,-xrv( t ,.,5)/ < C^^M^xr^.^/ < C 2 A/;- E /, 

where Ci and Ci are positive constants depending only on s,5, and ipj. From (|24p and 
TheoremEHlit follows that the operators M"" e and M? +E are bounded on L p ^ (V). From 
here and ^TJ)— we conclude that XrV(t 3 ,<5) M jXw(t 3 ,<5)^ and Xu^, 5)^x^(^,5)! are 
bounded on U>^{T). 

Finally, since T \ uj(tj, 5) does not contain the singularity of the weight ipj (which is 
continuous on T \ {tj}), there exists a constant C3 > such that 

Xr\ w (t 3 -,5)- M jXr\w(t ;il 5)/ < C 3 Mf. 
Theorem 13.31 and the above estimate yield the boundedness of XT\u(t4,5)MjXr\u)(tj,5)I 
on I?(''(T). Thus, all operators on the right-hand side of ([23| are bounded on 1J>^(T). 
Therefore, the operator on the left-hand side of (|2l>| is bounded, too. This completes the 
proof of the boundedness of M on L p ^ (Y j , i)j j\r j) ■ □ 

4. The Cauchy singular integral operator on weighted Nakano spaces 

4.1. Necessary conditions for the boundedness of the operator 5. We will need 
the following necessary condition for the boundedness of S on weighted Nakano spaces. 

Theorem 4.1. Let T be a simple rectifiable curve and let p :T — s- (1, 00) be a continuous 
function satisfying the Dini-Lipschitz condition |T|). If w : T — > [0,oo] is an arbitrary 
weight such that the operator S is bounded on L p ^(T,w), then T is a Carleson curve, 
logw G BMO(T,t), the functions Vtw and V^w are regular and submultiplicative, and 

(29) < l/p(t) + a(V t °w), l/p(t) + (3(V t °w) < 1 
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for every t G T . If, in addition, V is a rectifiable Jordan curve, then 
(30) < l/p(t) + a(V t °w), l/p(t) + (3(V t °w) < 1 

for every t E T. 

Proof. For simple curves, the statement follows from [TU1 Lemma 4.9] and jTOj Theo- 
rems 5.9 and 6.1]. For Jordan curves, inequality (|30|) was proved in [12j Corollary 4.2]. □ 

4.2. The boundedness of M implies the boundedness of S. One of the main 
ingredients of the proof of Theorem 11.21 is the following recent result by Kokilashvili and 
S. Samko 22 Theorem 4.21]. 

Theorem 4.2 (Kokilashvili, S. Samko). Let T be a simple Carleson curve. Suppose that 
p : r — > (l,oo) is a continuous function satisfying the Dini-Lipschitz condition ([T]) and 
w : r — > [1, oo] is a weight. If there exists a number po such that 

1 < po < minp(r) 

and M is bounded on LP^/^-p^(T,w^ P0 ), then S is bounded on LP^(T,w). 

4.3. Proof of Theorem O 



Proof, (a) This part is proved by analogy with [TB] Theorem 2.1]. Since the function 
p : r — > (l,oo) is continuous and T is compact, we deduce that minp(r) > 1. If the 

inequalities 

l/ P (t 3 ) +/3(W° ^)<1, je{l,...,n} 
are fulfilled, then there exists a number po such that 

1 < po < minp(r) 

and 

1/pfo) + P(W t .^) < 1/po, j G {1, . . .,«}. 

Taking into account Lemma |2~51 we see that the functions Wt j (V^ ) are regular and the 
latter inequalities are equivalent to 

(31) < 1 - _ P0 /3(W t %) = P( ^~ P ° + a«. (^7°)) , j G {1, • • • > n}. 

Analogously, the inequalities 

0<lM^)+a(W°Vi), je{l,...,n} 

are equivalent to 

(32) 1 > 1 - -gj - Po a«.^) = + , j € {1, • . . , n}. 



From inequalities (|31l) - (|32j) and Theorem 13.61 it follows that the maximal operator M is 
bounded on LP(')/(p( )~P°)(r, w _Po ). To finish the proof of part (a), it remains to apply 
Theorem O 

(b) If the operator S is bounded on L P ^(T, w), then from (|29p it follows that 
< l/p(tj) + a(V?.w), l/p(tj) + f3(V t ° iW ) < 1 for all je{l,...,n}. 
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Then, by Lemma \2A\ 

0<l/p(t 3 ) + a(V t %), l/p(t )+p(V t %)<l for all je{l,...,n}. 

Applying Lemma |2~T1 to the above inequalities, we see that 

< l/ P (t 3 ) + a(W t ° V,0> 1/P(*i) + < 1 for all j £ {1, . . . , n}. 

Part (b) is proved. The proof of part (c) follows the same lines with inequalities ([50]) in 
place of (HH). □ 

5. Singular integral operators with L°° coefficients 

5.1. Necessary conditions for Fredholmness. In this section we will suppose that F 
is a Carleson Jordan curve, p : T (1, oo) is a continuous function, and w : T — > [0, oo] is 
an arbitrary weight (not necessarily of the form ((6|)) such that S is bounded on L P ^(T, w). 
Under these assumptions, 

P:=(I + S)/2, Q:=(I-S)/2 

are bounded projections on L p ( ')(F, w) (see [TU1 Lemma 6.4]). The operators of the form 
aP + bQ, where a, 6 £ L°°(r), are called singular integral operators (SIOs). 

Theorem 5.1. Suppose a, b £ L°°(r). If aP + bQ is Fredholm on L p (')(r,w), fftera 
a- 1 ,^- 1 G L°°(F). 

This result can be proved in the same way as [TTJ Theorem 5.4] where the case of 
Khvedelidze weights © was considered. 

5.2. The local principle. Two functions a, b £ L°°(r) are said to be locally equivalent 
at a point t £ V if 

infflKo-ftJcHoo : ceC(F), c(t) = 1} = 0. 

Theorem 5.2. Suppose a £ L°°(r) and for each t £ T £/iere exists a function at £ L°°(r) 
which is locally equivalent to a at t. If the operators atP + Q are Fredholm on L pl - ''(T,w) 
for all t £ I 1 , then aP + Q is Fredholm on L p ^(T,w). 

For weighted Lebesgue spaces this theorem is known as Simonenko's local principle 
[35] , It follows from jTOl Theorem 6.13]. 

5.3. Wiener-Hopf factorization. The curve T divides the complex plane C into the 
bounded simply connected domain D + and the unbounded domain D~ . Recall that 
without loss of generality we assumed that £ D + . We say that a function a £ L°°(T) 
admits a Wiener-Hopf factorization on L p ^(T,w) if a -1 £ L°°(r) and a can be written 
in the form 

(33) a(t) = a-(t)t K a + {t) a.e. on F, 

where k £ Z, and the factors a± enjoy the following properties: 

(i) a- £ QLPU(T,w) + C, aZ 1 £ QL^\T,l/w) + C, 
a+ £ PL*U(T, l/w), al 1 £ PL p ^(T,w), 

(ii) the operator a^Sa+I is bounded on L p ('\T,w), 

where l/p{t) + l/q(t) = 1 for all t £ T. One can prove that the number n is uniquely 
determined. 
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Theorem 5.3. A function a 6 L°°(T) admits a Wiener- H op f factorization ([33]) on 
£,?(•) (r, tu) i/ and only if the operator aP + Q is Fredholm on L p ^ (T, w) . 

This theorem goes back to Simoncnko 36, 37 . For more about this topic we refer to 
[2 Section 6.12], [2| Section 5.5], Section 8.3] in the case of weighted Lebesgue spaces. 
Theorem EH follows from (HB Theorem 6.14]. 

6. Singular integral operators with PC coefficients 

6.1. Indicator functions. Combining Theorems 12.21 and 14.11 with Lemma [2~71 we arrive 
at the following. 

Lemma 6.1. Let T be a Carleson Jordan curve, p : T — > (1, oo) be a continuous function 
satisfying the Dini-Lipschitz condition (fTJ), and w :T — > [0, oo] be a weight such that the 
operator S is bounded on the weighted Nakano space LP^(T,w). Then, for every x £ K 
and every t £ T, the function V®(rjfw) is regular and submultiplicative. 

The above lemma says that the functions 

a t (x) := a(V t °( V *w)), := (3 (V t ° faf w)) (x £ R) 

are well-defined for every t £ T. The shape of these functions can be described with the 
aid of the following theorem. 

Theorem 6.2. Let T be a Carleson Jordan curve, p : T — > (l,oo) be a continuous 
function satisfying the Dini-Lipschitz condition (|T|). w : T — > [0. oo] be a weight such that 
the operator S is bounded on the weighted Nakano space L p ^(T,w), andt £ Y. Then the 
functions at and f3 t enjoy the following properties: 

(a) — oo < at{x) < /3t(x) < +oo for all x £ R; 

(b) < l/p(t) + ot(0) < l/p(t) + &(0) < 1; 

(c) at is concave and f3 t is convex; 

(d) at{x) and j3 t {x) have asymptotes as x — > ±oo and the convex regions 

{x + iy £ C : y < at(x)} and {x + iy £ C : y > /3*(x)} 

may be separated by parallels to each of these asymptotes; to be more precise, 
there exist real numbers [i^ , \l[ , , vf such that 

o < i/ P (t) + iii < i/ P (t) + vt < i, o < i/ P (t) + 14 < i/ P (t) + 1/+ < i 

and 

(3t(x) = + 5^x + o(l) as x — > +oo, 

Pt{x) = Vt + S^x + o(l) as x — > — oo, 

at(x) = [if + 5^x + o(l) as x — > +oo, 

at{x) = fj,t + 8^x + o(l) as x — > — oo. 

Proof. Part (a) follows from Lemma RTT1 Theorem 14. II yields part (b). Part (c) is proved 
in [I] Proposition 3.20] under the assumption that p is constant and w £ A P (T). In 
our case the proof is literally the same. Again, part (d) is proved in [TJ Theorem 3.31] 
for w £ A p (r) and constant p. This proof works equally in our case because in view 
of Theorem 14.11 we can apply Lemma 12.81 under the assumption that the operator S is 
bounded on L p( --\T,w). □ 
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From Theorem 16 .2f a) . (c) we immediately deduce that the set 

Y(p(t), a t , li t ) :={^ = x + iyeC: l/p(t) + a t (x) <y< l/p(t) + ft(x)} 

is a connected set containing points with arbitrary real parts. Hence the set 

{e 2 ^ : 7 ey(p((),« ( ,ft)} 

is connected and contains points arbitrarily close to the origin and to the infinity. Let 
Zi,Z2 G C. The Mobius transform M 2lj22 given by ([9|) maps and oo to z\ and za, 
respectively. Thus, the leaf C(zi, Z2',p(t),at, ft) is a connected set containing zi and Z2- 
More information about leaves (with many examples and computer plots) can be found 
in [TJ Chap. 7]. 

Lemma 6.3. Let T be a Carleson Jordan curve, p : T — > (1, oo) be a continuous function 
satisfying the Dini-Lipschitz condition (|Tj). and t\,...,t n £ T be pairwise distinct points. 
Suppose : r \ {tj} — ¥ (0, oo) are continuous functions such that the functions Wt.ipj 
are regular, conditions ((5|) are fulfilled, and the weight w is given by © . 

(a) Ift&T \ {ti, . . . ,t n }, then for every x G R, the functions Wt(nf) and V°(nfw) 
are regular and submultiplicative and 

a{W t °(r,?)) = a(V t °(r)?w)) = mm{StX,S+x}, 
a(W?(rg)) = a(V t °(^w)) = mm{S^x,S+x}. 

(b) If j G {1, . . . ,n} , then for every i£l, the functions Wt^ijf.ipj) and V®(r]f.w) 
are regular and submultiplicative and 

(34) a(W°( V ^)) = a{V t °(^w)), /3(W°.(^)) = P{V?{rf t .w)). 

Proof. Let us prove a slightly more difficult part (b). Fix tj G {ti, . . . ,t n } and x G R. 
By Theorem 12.21 the functions W tj (r]f.) and W t °(r?f.) are regular and submultiplicative. 
Then, in view of Lemma [2.61 the functions Wtji^ipj) and W^rj^ipj) are regular and 
submultiplicative. By Lemma [2.7l the function V^n'f^ipj) is regular and submultiplicative 
and 

(35) c^°(^)) = a{V t ){t tj ^)), 0(^(^0) = P^MM' 

From Theorem 14.11 we know that logic G BMO(T ,t). Therefore, in view of Lemma \2.8\ 
the function V^rjf.w) is regular and submultiplicative. By Lemma 12.41 

(36) a(V?.(r,*.w)) = a^r??.^)), P(V?.(r,f.w)) = f}{V?.{rf tj ^)). 

Combining (f3"5"]) -(f36 |) . we arrive at (|34|) . Part (b) is proved. The proof of part (a) is 
analogous. □ 

This lemma says that, under the assumptions of Theorem 11.21 the functions a* and 
ft* are well-defined by ©-© and 

(37) a* t (x)=a t (x), ft* (x) = ft (x) (x e R) 

for all t € r. We say that the functions a* and ft are the indicator functions of the triple 
(T,p,w) at the point t G T. 
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6.2. Necessary conditions for Fredholmness. The following necessary conditions for 
Fredholmness were obtained by the author p~Ql Theorem 8.1]. 

Theorem 6.4. Let Y be a Carleson Jordan curve and let p : Y — > (l,oo) be a contin- 
uous function satisfying the Dini-Lipschitz condition JT]). Suppose w : Y — ► [0,oo] is 
an arbitrary weight such that the operator S is bounded on L p ^(Y,w). If the operator 
aP + Q, where a G PC(Y), is Fredholm on the weighted Nakano space L p ^(Y,w), then 
a(t ± 0) ^ and 



1 ait - 0) 
■ arg ■ 



1 

W) 



2tt '°a(( + 0) 
for all 9 G [0, 1] and allteY 



Oat 



log 



a{t - 0) 



a(t + 0) 



(i - m 



log 



a{t - 0) 



a(t + 0) 



Z 



6.3. Wiener-Hopf factorization of local representatives. FixiGT. ForaG-PC(r) 
such that a -1 G L°°(T), we construct a "canonical" function g t:1 which is locally equiv- 
alent to a at the point t G T. The interior and the exterior of the unit circle can be 
conformally mapped onto D + and D~ of T, respectively, so that the point 1 is mapped 
to t, and the points G D + and oo G D~ remain fixed. Let Ao and denote the 
images of [0, 1] and [1, oo) U {oo} under this map. The curve A U A m joins to oo and 
meets Y at exactly one point, namely t. Let argz be a continuous branch of argument in 
C\(A UA oo ). For 7 G C, define the function z"* := |z|^e i7argz , where z G C\(A UA oo ). 
Clearly, z 1 is an analytic function in C\ (Ao U Aqc). The restriction of z 7 to r\ {t} will be 
denoted by <?t i7 . Obviously, gt n is continuous and nonzero on Y \ {t}. Since a(t ± 0) ^ 0, 
we can define jt — 7 G C by the formulas 



(38) 



1 ajt - 0) 
2ir a(t + 0) 



Im 7t := -^-log 



a(t - 0) 



a(t + 0) 



where we can take any value of arg(a(£ — 0)/a(t + 0) ) , which implies that any two choices 
of Re 74 differ by an integer only. Clearly, there is a constant ct G C \ {0} such that 
a(t ± 0) = Ctgt nt (t ± 0), which means that a is locally equivalent to Ctgt,-y t at the point 

teY. 

For t G r and 7 G C, consider the weight 

<p tn (r) := \(r-ty\, r G Y \ {*}. 

From [1U] Lemma 7.1] we get the following. 

Lemma 6.5. Let Y be a Carleson Jordan curve and let p : Y — > (l,oo) be a continuous 
function. Suppose w : Y — > [0, 00] is an arbitrary weight such that the operator S is 
bounded on L p ^(Y,w). If, for some k G Z and 7 G C, the operator ipt^-^S^pt^-kl 
is bounded on L p ^(Y,w), then the function g ttl admits a Wiener-Hopf factorization on 
LP ( -\Y,w). 

6.4. Sufficient conditions for Fredholmness. The following result is one of the main 
ingredients of the proof of Theorem 1 1.31 The idea of its proof is borrowed from the proof 
of [T] Proposition 7.3]. 

Theorem 6.6. Let Y be a Carleson Jordan curve and p : Y — > (l,oo) be a continuous 
function satisfying the Dini-Lipschitz condition ([1}. Suppose ti,...,t n G Y are pairwise 
distinct points and ipj : Y\{tj} — > (0, 00) are continuous functions such that the functions 
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Wtjipj are regular and conditions (|5]) are fulfilled for all j £ {1, . . . , n}. If a G PC(T) 
such that a(t ± 0) ^ and 



arg 



a(t - 0) 



2?r b a(t + 0) p(t) 



da* 



2n 



log 



a(t - 0) 



a(t + 0) 



(1 - 0)# 



2tt 



log 



a(t-0) 



a(t + 0) 



2 



/or aZZ £ [0, 1] and aZZ i £ T, i/ien i/ie operator aP + Q is Fredholm on the Nakano space 
L p ( '(r,w) with weight w given by ©. 

Proof. We will follow the proof of [12, Theorem 4.5] and 13 Theorem 2.2]. If aP + Q is 
Fredholm on L P ^(T, w), then, by Theorem 15.11 a(t ± 0) for all i e 1. Fix an arbitrary 
t G T and choose 7 — 7i &s fo (|38j) . Then the function a is locally equivalent to OtQt^t ^ 
the point t E T, where q £ C \ {0} is some constant. In this case the main condition of 
the theorem has the form 

l/p(t)-Re7 t + 6la*(-Im7 t ) + (l-6l)/3 t *(-Im7 t ) for all 0£ [0,1]. 

Therefore, there exists a number k t £ Z such that 

< l/p{t) + k t -Re j t + 0a*(-Im7 t ) + (1 - 0)/3 t *(-Im 7t ) < 1 for all 6>e[0,l]. 

In particular, if 9 = 1, then 

(39) < l/p(t) + Re(k t - lt ) + a* t (Im(k t - 7t )); 
if 9 = 0, then 

(40) l/p(t) + Re(k t - 7t ) + p* t {lm{k t - 7t )) < 1. 
Consider the weights w t (r) := |r — t\ and 

w t := ip t> kt-n w = w t Rc(fet_7t) 77 t Im(fc t - 7 t )-0i ...ip n - 
If t £ T \ {ti, . . . , then the weight w = ipi . . .ip n has no singularity at t and 



V>t,k t -it 



Rc(fc t -7 t ) Im(/c t -7 t ) 



is a continuous function on T \ {t}. If t = tj G {ti, . . . , t n }, then the weight w/ipj has no 
singularity at tj and 



R.e(fe t -7t-) Im(fe t .-7 t -) 
^ ^ 



is a continuous function on T \ {tj}. Thus, in both cases, the weight w t is of the same 
form as the weight w. 



It is easy to see that the function Wt(u> 



Ro(fc t -7 t ) 



) is regular and submultiplicative and 



a(W?(w ; 



0/ Re(fe t -7 t ) 



0/ Re(fe t -7 t ) 



)) = Re(fc t — 7 t ) for every t G T. 



Then, by Lemma l2.6( the functions Wt(y?t 1 fc t _7 t ) and Wt(ipt.k t --y t ) are regular and sub- 
multiplicative and 



(41) 
(42) 



a(W?(<p tM ^ t )) = Re(k t - 7t ) + a(Ty t (ry t Im(fct - 7t) )) 

= Re(fc t - 7 t) +a*(Im(A; t -7 t )), 

/3(W t (^ t , fet _ 7t )) = Re(fc t - 7t ) + P(W t { V 1 ™^-^)) 

= Re(fc t -7 t )+/3 t *(Im(fe t -7 t )) 
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for all t G r \ {ti, . . . , i n }. Analogously, if t = tj G {ti, ■ . ■ ,t n }, then the function 
Wtj (iptj ,k tj --y tj ipj) is regular and submultiplicative and 

(43) a(W°(^. A ._ 7t .^)) = Re(^.- 7t3 .) + a^(Im(fe t . - ltj )), 

(44) . _ 7t . V;)) = Mh, - It, ) + ft* (Im(fc tj - 7tj )). 

Combining relations (|3T))) - (|4"4")) with conditions ([5]), we see that, by Theorem 11.21 the 
operator S is bounded on L p ^(T,w t ) — L v{ - '> (ip t ^ t _y t w), where t G T. Therefore the 
operator Lp t ,k t -~t t Stpt,~i t -k t I is bounded on IfM (T , w) . 

Then, in view of Lemma 16.51 the function g t , 7t admits a Wiener-Hopf factorization 
on £ p (''(r, id). From Theorem 15.31 we deduce that the operator gt,j t P + Q is Fredholm. 
It is not difficult to see that in this case the operator Ctgt^P + Q is also Fredholm. 
Thus, for all local representatives ctgt,j t of the coefficient a, the operators agt,-y t P + Q 
are Fredholm. To finish the proof, it remains to apply the local principle (Theorem 15. 2[) . 
which says that the operator aP + Q is Fredholm. □ 

6.5. Proof of Theorem O 

Proof. Necessity. If aP + bQ is Fredholm, then a" 1 ,^ 1 G L°°(r) by Theorem O Put 
c := a/6. Then c(t ± 0) ^ for all t G T. Further, the operator 6/ is invertible on 
L p ^(T,w). Therefore, the operator 

cP + Q^ibiy^aP + bQ) 

is Fredholm. From Theorem 16.41 and equalities (|37|) it follows that 

^) + ^ 
c(t + 0) p(t) 



(45) 



1 c(f 

7T - ar S 



2tt 



1 
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loe 



c(f - 0) 



c(t + 0) 



+ (i - 



log 



c(t - 0) 



c(f + 0) 



Z 



for all 9 G [0, 1] and all t G T. The latter condition in conjunction with c(t ± 0) ^ for 
alii G r is equivalent to 



i |J C(c(t - 0), c(t + 0);p(t), a*, ft*). 



ter 



Thus, the function c = a/6 is L^')(r, io) -nonsingular. Necessity is proved. 

Sufficiency. The L p (')(T, w)-nonsingularity of c = a/6 implies that c(t ± 0) 7^ and 
(1451 holds for all G [0, 1] and all t G T. Then the operator cP + Q is Fredholm by 



Theorem 16.61 Since inf \b(t)\ > 0, we see that the operator bl is invertible. Thus, the 
operator 



aP + bQ= (bI)(cP + Q) 



is Fedholm. 



□ 
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